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1.  Abstract  

Splines are used extensively at Boeing and throughout much of the industrial world. Splines 

can be used to model airplane drag as a function of Mach number, the speed of the airplane 

with respect to the free stream airflow. Cubic splines are used in the numerical solution of 

fractional differential equations which arises in several complex systems such as physics, 

chemistry, fluid mechanics, viscoelasticity, signal processing, mathematical biology, 

bioengineering and various applications in many branches of science and engineering. Spline 

solution is developed for solving a system of boundary value problems, associated with 

obstacle, contact and unilateral problems, equilibrium, systems of non-linear Volterra integro-

differential equations, Hammerstein integral equations. Cubic splines are applied in image 

interpolation and digital filtering. High-degree splines are preferable interpolators for 

numerous applications in medical image processing. Another important area is medical image 

visualization; this involves simple 2D operations, 3D manipulations. In two dimensions, 

splines are used in cartography or font design. In three dimensions, splines are enormously 

popular in applications such as auto body design and computer-generated imagery (CGI).  

 

To know the behavior of fluids in motion, the physical phenomena are observed, the 

fundamental laws are verified, the thermodynamical properties are examined and the 

characteristic mathematical formulations are made. Thus, the problems of fluid flow are 

analyzed and understood. In fluid flow problems, when fluid flows, change in temperature 

appears. Therefore, the study of heat transfer problems in fluid flow has received the attention 

of scientists, in view of its application and importance in several fields of engineering and 

technology.  

 

Another branch of fluid mechanics is the Magneto hydrodynamics (MHD) which is the 

science of the motion of electrically conducting fluids under magnetic fields. Variety of 

problems related to Magneto hydrodynamic boundary layer flows, fluid between two parallel 

plates, Magneto hydrodynamic boundary layer model for power law fluid (Newtonian case), 

radiation effects on MHD boundary layer stagnation point flow are solved and analyzed here 

using spline collocation method. In most of the problems the influence of velocity and 

temperature profile are checked by changing the magnetic parameter, Grashoff number, 

Prandtl number and squeeze number. 
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2. Brief Description on The State of The Art of The 

Research Topic 

The physical systems are composed of several phases each of which is supposed to be 

continuous on the microscopic scale. Mass-balances, heat and momentum-balance for each 

phase and equilibrium relation between the phases, laws of conservation are normally the 

main modeling tools for the study of physical systems. These quantities lead to the 

formulation of differential equations in mathematical modelling. The class of differential 

equations is too wide and obtaining their solutions is an important task in the study of such 

differential equations. According to M.W.Hirsch and S.Smale, “The importance of ordinary 

differential equations vis-a-vis other areas of sciences lies in its power to motivate, unify, 

and give force to these areas." The study of differential equations is a reach area of 

mathematical science and obtaining their solutions is an important task for the researchers. 

Nowadays, nonlinear differential equations have grabbed a lot of attention, because many 

physical problems in science and engineering are described mathematically by nonlinear 

differential equations. Many techniques are available for their solutions and in absence of 

exact solution; generally, we apply either approximate methods or numerical methods to 

solve such equations. The methods in which the solution is approximated by a finite number 

of terms of an infinite expansion in terms of sequence of functions are known as approximate 

methods whereas the method in which the solution is approximated numerically at a number 

of discrete points are known as numerical methods. 

 

The importance of the numerical methods has increased with the development of high speed 

digital and analog computers. Fortunately, todays electronic digital computers have expanded 

the application of numerical techniques. Using these devices, it is a straight forward matter to 

provide the numerical solution of several thousand-simultaneous non-linear differential 

equations subject to a complete set of boundary conditions. This kind of computational speed 

and accuracy has lead to new ideas and concepts for solving large systems of equations. 

In a numerical simulation of a physical process numerical methods like Milne’s methods, 

predictor-corrector, single step, multi-step, perturbation, Runge-Kutta, Taylor’s series 

expansion and many other methods are useful.  The numerical methods developed may 

broadly be classified into the following three types: (i) Finite difference method (ii) Finite 

element method (iii) Spline collocation methods.  
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A spline function is a piecewise polynomial function in which the composing polynomials 

satisfy some continuity conditions of the functions and their derivatives. Spline functions 

were introduced for the purpose of curve fitting to the given data in 1964 by I.G. Schonberg 

[1]. The splines of even order interpolating the data at junctions appear in a very simple 

fashion and their existence criterion was developed by Ahlberg et al [2, 3, 4, 5].  Carl de Boor 

[6] established the idea of existence and uniqueness of particular bicubic splines. Kershaw [7] 

presented a list of various end conditions mostly occurring in the spline fit problems. 

Albasiny et al [8] tried to use spline functions as interpolants of the solution to linear 

differential equations. An iterative technique for solving the equation arising from collocation 

with cubic B-splines was defined and shown by Sincovec [9] to obtain the solution of second 

order nonlinear boundary value problems. The error estimates of cubic splines were obtained 

for the first derivative by Kershaw [10]. The error calculation of cubic splines was also 

discussed by Birkhoff and Carl de Boor [11]. Some results in the theory of best 

approximation by spline functions were put up by Schumaker [12, 13]. The spline functions 

are also useful in the methods developed in mathematical programming. This was suggested 

by Ritter [14]. Bickley [15] brought forward a useful aspect of spline functions in light that 

can be employed to solve a linear two-point boundary value problem approximately. The 

spline presented by him is expressed in terms of infinite series or in truncated powers. The 

different approach of spline function in terms of moments was given by Blue [16] in the year 

1969, over the particular domain [0, 1]. Pandya [17] solved a coupled nonlinear system 

arising in a three-dimensional rotating flow using spline method as suggested by Bickley. 

 

The main advantage of the application of spline functions is its stability (i.e. the local 

behavior of a spline at point does not affect its overall behavior) and simplicity in 

computation.  

 

3. Objective and Scope of Research Work 

Many of the physical problems can be viewed mathematically in terms of differential 

equations. Study of fluid flow problems and solution of that problems using spline collocation 

method have attracted due to the following reasons. 

 

Fluid flow between two parallel surfaces has received much attention because of its 

importance in many fields of science and engineering. Squeezing flow between parallel walls 
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occur lots of application in industrial application. Moving pistons in engines, hydraulic 

brakes, chocolate filler and many other devices are based on the principle of flow between 

contracting domains. Some practical examples of squeezing flow include polymer processing, 

compression, and injection molding. The raised problems are in the form of highly nonlinear 

differential equations and their accurate solution was a challenging task.  

 

MHD fluid flow deals with the dynamics of fluids having non-negligible electrical 

conductivity which interact with a magnetic field. As a result of motion of an electrically 

conducting fluid in the presence of a magnetic field, electric currents are induced in the fluid. 

MHD has several applications, namely, application in fusion research, in the field of 

engineering, in MHD accelerator and power generator and in causing delay in the transition 

from laminar to turbulent flow. Recently MHD has been the subject of intensive study and the 

importance of the study has been extended to many other kinds of associated problems, even 

in missile rockets.  

 

The heat transfer considerations are very important in modern engineering design. For 

example, air conditioning and refrigeration systems are due to heat exchangers. In several 

types of equipment a successful design is possible only if provision is made to maintain 

reasonable temperature by adequate heat transfer. Among such modern devices are rocket 

nozzles, compact electronic components, high speed air craft and atmosphere re-entry 

vehicles.  

 

Objectives: The main objective of the work is  

 to generalize the Spline collocation method and applying the recurrence relation to 

find the accurate approximate solution of the fluid flow problems as mentioned above. 

 to solve nonlinear coupled ordinary differential equations using higher degree splines 

without converting the nonlinear equation into linear one. 

 to reduce error in the solution   

 
Scopes: The scope of the study involves the following improvements in the method.  

 Most of the researchers use cubic spline method to solve higher order nonlinear 

differential equations problems. Due to this it requires more iteration or sometimes 

they may not get the accurate solution. Hence, generalization of spline collocation 

method suggested by Blue has been discussed in this work.  
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 The benefit of this method is, the Spline collocation method can be applied to 

nonlinear problems directly.  

 Couple of equation are solved which can be helpful to  new researchers to solve the 

coupled nonlinear ordinary differential equations without converting into linear form. 

 The applications we have examined are few but sufficient enough to illustrate the 

effectiveness and potentialities of spline collocation method. It is hoped that others 

will be able to apply the method with successful results and our experience will help 

them to obtain solutions to increasingly more difficult and complicated problems in 

engineering sciences, applied sciences and other fields. 

 

4. Original Contribution by The Thesis 

 

Most of the natural phenomena can be governed by differential equations and thus solution of 

these equations ultimately turns out to be the solution of the problem to be studied. The class 

of differential equations is too wide and obtaining their solutions is an important task in the 

study of such differential equations. There are several methods for solving differential 

equation. The thesis emphasizes the use of spline collocation technique to various types of 

boundary value problems arising in engineering and sciences. 

Chapter 1 gives a general idea about the numerical methods. It covers the survey of spline 

function. Fundamental terms of fluid mechanics [18], fluid types, fluid flow types, non-

dimensional parameters and basic equations arises in the fluid flow are also included in this 

chapter. 

In chapter 2, algorithm of the technique suggested by Bickley is demonstrated. This method 

reduces the boundary value problem to a system of linear algebraic equations. The coefficient 

matrix of these equations is upper Hessenberg matrix. The range of boundary value problem 

is divided in to a number of equal subintervals. In contrast to many computerized methods 

such as finite elements methods or finite difference methods, this method can be put through 

by simple desk calculations and thus saves a lot of computational time and labor. 

Present chapter also describe the aid of quasilinearization method. The combination of these 

methods with the spline collocation method induces a powerful algorithm for solving a non-

linear boundary value problem. Quasilinearization technique is designed to confront the non-



8 
 

linear aspects of physical processes.  Quasilinearization technique was described by Bellman 

and Kalaba [19] that transforms the non-linear boundary value problem into a linear. A 

breakthrough is achieved in this direction and the above restrictions due to domain of the 

non-linear boundary value problem are resolved by the blend of Quasilinearization and spline 

collocation method. This method is applied to solve higher order nonlinear fluid flow 

problems.   

Numerical solution of Sandwich beam problem is solved by the cubic spline collocation 

method. Spline gives approximate solutions of the linear equation related to the problem. 

Obtaining the spline solution of the model and comparing with superposition method reveals 

the capability, effectiveness, simplicity and high accuracy of the presented method. 

The flow of a viscous incompressible fluid between two parallel plates due to the normal 

motion of the plates for the two-dimensional flow case and the axisymmetric flow case are 

investigated. The governing non-linear equations and their associated boundary conditions 

are transformed into highly non-linear fourth order ordinary differential equation. This 

problem is solved by using Quintic spline collocation method.  

Chapter 3 covers the method given by Blue, which uses the spline functions expressed in 

terms consisting of moments. With the help of continuity properties of spline functions, the 

recurrence relations are derived in terms of moments, which give an iterative spline 

collocation method for solving non-linear second order boundary value problem [20]. The 

coefficient matrix due to this method is a band matrix. The recurrence relations are obtained 

by using the different degrees of spline functions and discussed the algorithms to solve non-

linear boundary value problem of higher orders.  

Solution of two dimensional and axisymmetric unsteady flows due to normally expanding or 

contracting parallel plates is given by using the algorithm of higher order Blue’s method. This 

chapter also includes error analysis.   

Chapter 4 describes the efficiency of spline collocation method to obtain a numerical 

solution of Magneto hydrodynamics (often referred to as MHD) fluid flow problems. MHD 

boundary layer flow of an incompressible fluid past a flat plate is taken as a case study.  

An approximate solution of MHD boundary layer model for Non-Newtonian power-law 

fluids is given by Spline collocation method. It has been analyzed for two cases, (i) when 
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plate is stationary (ii) when the fluid and plate move in same direction and with same 

velocity. The effect of magnetic and velocity parameters on the flow is also discussed in this 

chapter.  

The Solution of the MHD boundary layer flow moving continuous flat surface is obtained 

using quartic spline functions is also discussed here. 

Chapter 5 presents the effectiveness of spline collocation method in solving the system of 

highly nonlinear coupled equations. The study of MHD boundary layer stagnation point flow 

of an electrically conducting fluid in presence of thermal radiation is done here, in which the 

governing continuity, momentum and energy equations, with associated boundary conditions 

are transformed into nonlinear coupled ordinary differential equations. These equations are 

solved numerically using spline collocation method as suggested by Blue. 

Solution of heat transfer problem and third grade non-newtonian fluids are derived. The 

effects of physical parameters on velocity and temperature profiles are analyzed and reflected 

in graphs.  

5. Methodology of Research, Results / Comparisons  

Variety of problems related to Sandwich beam analysis [21], two dimensional and 

axisymmetric unsteady flows due to normally expanding or contracting parallel plates [22], 

MHD boundary layer flow of an incompressible fluid past a flat plate [23], MHD boundary 

layer model for Non-newtonian power-law fluids [24], MHD boundary layer flow moving 

continuous flat surface [25],  heat transfer and MHD fluid flow [26], third grade non-

newtonian fluid [27], radiation effects on MHD boundary layer stagnation point flow [28] are 

solved and analyzed. Different types of boundary value problems like linear, nonlinear, 

coupled equations have been solved by using spline method.  The results are compared with 

available results in the literature, whether they are in tabular form or graphical form. 

 The spline collocation method is used to investigate the behavior of two -dimensional 

squeezing flows between two parallel plates in which the influence of the squeeze number on 

the velocity, skin friction and pressure gradient has been checked. It is experienced that, 

decrease in velocity, skin friction and pressure gradient due to an increase in squeeze number. 

The results found by solving the given problem using quintic spline collocation method are 

compared with HMP (Homotopy Perturbation Method). 
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A problem on MHD boundary layer flow of an incompressible fluid past a flat plate 

concludes that increase in magnetic parameter accelerates the velocity of fluid. But a problem 

on MHD boundary layer flow moving continuous flat surface concludes that with increase in 

magnetic parameter, velocity of fluid flow decreases which means magnetic parameter is 

transversely proportional to fluid velocity.  

In power-law MHD flow, there is a remarkable effect of magnetic parameter on the velocity 

of fluid flow. Whether the plate is at rest or fluid and plate moves in same direction with 

same velocity, the Magnetic parameter is transversely proportional to the fluid velocity. 

In finding the behavior of the Third grade fluid using numerical method, it is observed that 

the boundary layer got thicker when the Non-newtonian aspect of the fluid behavior became 

more pronounced and fluid becomes more viscous and with increase in viscosity of the fluid, 

its flow decreases.  

A heat transfer and MHD fluid flow problem is solved by using spline collocation method. In 

which the momentum equation, the continuity equation and the energy equation with their 

associate boundary conditions are transformed into nonlinear coupled equation and these 

coupled nonlinear equations are solved by using quartic and cubic spline functions as 

suggested by Blue. Results conclude that magnetic parameter and Grashof number have 

opposite effect on velocity and heat profiles. On heat transfer profile, the impact of Prandtl 

number is more compared to Magnetic parameter and Grashof number. 

To study about radiation effects on MHD boundary layer stagnation point flow, the effect of 

magnetic parameter, radiation parameter and Prandtl number on two-dimensional viscous 

impressionable stagnation point flow of an electro conducting fluid is considered. The 

thermal boundary layer decreases with increase in Magnetic parameter, Prandtl number and 

Radiation parameter. Thus, it can be said that all these parameters are transversely 

proportional to temperature. The velocity increases with increase in magnetic parameter. 

Thus, without doing any experimental work, we can describe the behavior of the flow by 

changing any physical parameter using spline collocation method. 
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6. Achievements with respect to objectives  

In the research work following work is done to achieve the research objectives:  

 Solving ordinary differential equation by higher degree spline, accurate results 

can be successfully obtained. Comparative analysis is made for the problems.  

 The proposed algorithm efficiently handles different type of fluid flow 

problems. 

 Couples of nonlinear differential equations are solved without converting into 

linear form. 

 Error can be reduced by reducing the mesh size of the interval. 

 

7. Conclusion 

This thesis exhibits the study of spline collocation method with different types of approaches 

to solve the linear and non-linear boundary value problems. The various features of the spline 

collocation technique are expanded the field of numerical solution to the differential 

equations. A special emphasize is given to the applicability and reliability of the method of 

spline collocation, to see this, the spline functions were used to interpolate the solutions to 

various types of differential equations occurring in the study of several physical phenomena 

in engineering sciences. In all, it is worthy to mention that the spline collocation technique 

with all the above approaches are helpful to solve various types of fluid flows problems. 

Particularly, if problems have Neumann boundary conditions, then spline collocation method 

gives better solution as compared to finite difference method. 

 

According to the experience during the research work, it can be concluded that, cubic splines 

are better for the second order boundary value problems, quartic splines are better for the 

third ordered boundary value problems and the quintic splines are better for the fourth 

ordered boundary value problems.  

 

The benefit of the Spline collocation method as suggested by Blue is, nonlinear problems are 

solved directly without converting it into linear form using spline method.  More accurate 

results can be obtained by reducing the mesh size of the interval or by performing more 

iteration.  The restriction of this method is that the Interval of the boundary should be [0, 1] 

only.  
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In this thesis, study to the applicability of spline functions for the numerical solution is 

restricted to the ordinary differential equations only. However, it is realized that the 

applicability can be widened so that we can explore the field of integral equations, partial 

differential equations, wavelet theory and others. The error estimate is one more aspect as a 

future scope for the researchers. 
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